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GLOBAL aM-HOMOTOPY WITH ESTIMATES FOR A FAMILY 
OF COMPACT, REGULAR g-PSEUDOCONCAVE CR MANIFOLDS 



PETER L. POLYAKOV 



Abstract. Let Mq be a compact, regular q-pseudoconcave compact CR submanifold of a complex 
manifold G and B - a, holomorphic vector bundle on G such that dimi?'" ^Mo,s|j^) = for some 

fixed r < q. We prove a global homotopy formula with estimates for r-cohomology of B on arbitrary 
CR submanifold M close enough to Mq. 

1. Introduction. 

Let M be a compact generic CR submanifold in a complex n - dimensional manifold G, i.e. 
for any z G M there exist a neighborhood V 3 z m. G and smooth real valued functions 

{pk, k = 1, . . . ,m {\ < m < n — 1)} 

on V such that 

Mny = {zGGny: pi{z) = • • • = pm{z) = o}, 
^pl^■■■ ^ dpm / on M n y. 

In [P2], where our motivation was to obtain sharp estimates for the operator (9m j we intro- 
duced a special nonhomogeneous Lipschitz scale n"(M), based on the Stein's scale of spaces 
r"(M) (cf. [S], [FS]), and proved an "almost homotopy" in this scale. The sharpness of esti- 
mates in the scale 11° (M) is expressed by the fact that maps 11" (M) into 11""^ (M) and 
the solution operators map 11" (M) into n""'"^(M). 

In this paper our motivation is not the sharpness of estimates but rather stability of the 
global solvability of the c^M-equation on a compact CR submanifold of a complex manifold. 
Namely, we prove a global homotopy formula with C^- estimates for operator on a family 
of compact CR submanifolds, close to a fixed submanifold Mq and satisfying special concavity 
condition. The proof basically consists of two steps. On the first step, using a simplified version 
of techniques from [P2] we construct a local "almost homotopy" formula with estimates and 
on the second step we globalize the constructed formula with control of estimates. Estimates 
in Propositions 3.1 and 3.8 represent an important byproduct. They provide local "tame esti- 
mates" in terminology of R. Hamilton (cf. [Ha] ) for operator 9m and are used in [P3] to study 
deformations of a fixed embedded CR structure on Mq. 

Before formulating the main result we will introduce necessary notations and definitions. 

The CR structure on M is induced from G and is defined by the subbundles 

r"(M) = r"(G)|M n cr(M) and r'(M) = r'(G)|M n cr(M), 

where CT(M) is the complexified tangent bundle of M and the subbundles T" [G) and T'(G) = 
T"{G) of the complexified tangent bundle CT(G) define the complex structure on G. 

We win denote by r^(M) the subbundle r(M) n [T'(M) T"(M)] . If we fix a hermitian 
scalar product on G then we can choose a subbundle G T(M) of real dimension m such that 
T'=(M) _L N and for a complex subbundle N = CN of Cr(M) we have 

cr(M) = r'(M) e r"(M) e n, r'(M) _l n and r"(M) _l n. 
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The Levi form of M is defined as the hermitian form on T'(M) with values in N 

/:,{L{z)) = ^-Tr( (z) (L(z) G r^(M)) , 



where 



LL - LL and vr is the projection of Cr(M) along r'(M) © T"(M) onto N. 

If functions {pk} are chosen so that the vectors {gradp^} are orthonormal then the Levi form 
of M may be defined as 

m 

L,{M) = - ^ (L^PkiO) ■ grad pkiz), 

k=l 

where Lzp{C) is the Levi form of the real valued function p G C^(D) at the point z: 

For a pair of vectors = (//i, . . . , fin) and u = (z/i, . . . , i/^) in we will denote (/x, iy) = 

En 
i=iP'i ■ ^i- 

For a unit vector 9 = {9i, . . . 6m) G ReN^ we define the Levi form of M at the point z G M 
in the direction 9 as the scalar hermitian form on CT^(M) 

{9, L,(M)) = -L.poiO, 

where Pe{0 =ET=iOkPk{C). 

Following [H2] we call M q-pseudoconcave at z G M in the direction 9 if the Levi form of M at 
z in this direction {9, L^(M)) has at least q negative eigenvalues on Cr^(M). Correspondingly 
M is called q-pseudoconcave at z G M if it is q-pseudoconcave in all directions. 

We call a q-pseudoconcave CR manifold M a regular q-pseudoconcave CR manifold (cf. [PI]) 
if for any z G M there exist an open neighborhood U 3 z in M. and a family Eq{9,z) of q- 
dimensional complex linear subspaces in Cr^(M) smoothly depending on {9, z) G S"*"^ x U 
and such that the Levi form L^i^)) is strictly negative on Eq{9,z). 

For a function / on M (/i on G) we denote by |/|^ (respectively the C'' (M)-norm of / 
(respectively the (G)-norm of h). 

Let So :M. ^ Mq C G be a fixed embedding of a compact manifold M into a complex 
manifold G such that Mq = Sq (M) is a regular q-pseudoconcavc CR submanifold of G and let 
{U'Y^ be a finite cover of some neighborhood of Mq in G such that in each the manifold 
Mn nW^ has the form (1) with defining functions Ipf'iH . If is an embedding of M 

^ ' U J l<l<rn 

into G close to Sq with M = £^ (M) then the map !F = £ o : Mq M may be defined in 
some small enough neighborhood Lf- = Mq n as J^{z) = z + f,(z), with G [C^'(J7'-)]". If 
l/lp = maxt{|/(,|p} is small enough then Q = J^~^ : M — Mq is also well defined and has the 
form Q{z) = z + g^{z) in some neighborhood V'' C {U'-) with G [C^ (F')]". We denote 

For a compact, regular q-pseudoconcave submanifold M C G and a holomorphic vector 
bundle H on G we say that dimiJ'' ^M,B|j^j = for r G Z"'" if for any ^-closed form 

/ G C^or) (^''^Im)' (1 ^ ^ ^ P)' t^ere exists a form h G (m,B\^ such that 

dMh = /. 

The following theorem represents the main result of the paper. 

Theorem 1. Let Mq C G be a compact, regular q-pseudoconcave submanifold and let 
B be a holomorphic vector bundle on G. Let for some fixed 1 < r < q — 1 the condition 
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dimH^ ^Mo,B|j^^j =0 he satisfied. Then there exist C, (5 > such that for any embedding 

with \£\p < 6 and k < p — 7 there exist linear bounded operators 

Qki ■■ C^o,) (m, ^Im) - ^^fc-i) (m, ^Im) fori = r,r + l 
such that for any differential form h G C^q ^.^ (M) equality: 

h = dMQ'M{h) + Q'^\dMh) (2) 

and estimates 



Qmih) < C\h\k (3) 



hold. 



Author thanks G. Henkin, S. Krantz and A. Tumanov for helpful discussions and the referee 
for pointing out a mistake in the original version of this article. 



2. Construction of " almost-homotopy" formula. 

As an intermediate step in the proof of Theorem 1 we prove the following proposition. 

Proposition 2.1. Let M C G 6e a compact, regular q-pseudoconcave submanifold and let 
{U''}i be a finite cover of some neighborhood of in G such that in each W the manifold 
M n W' has the form (1) with defining functions {pt,;}™- Then for any r = 1, . . . , g — 1 and 
k < p — 4 there exist linear bounded operators 

Rlvi : Cf.^r) (m,^!^) - C^o':r% (m,^|m) ^rid H]^ : {m,B\^) -> cj^+f {m,B\^) 

such that for any differential form h G ^^(^or) (■'^''^Im) have equality: 

h = dMBJ^ih) + B]j+\dMh) + Uliih) (4) 

and estimates 

|R3viU < c{k) (1 + \p\k+3f^'^ , Ih^mU < c{k) (1 + \p\k+3f^'^ , (5) 

|R3vilfe+i/2 < C{k) (1 + Iplk+.f^"^ , |H^mU+i/2 < Cik) (1 + Iplk+.f^"^ , (6) 
where \p\s = maxi<t<jv,i<Km {IpmU- 

Boundedness of different "solution operators" : C^q^^(M.) C^^^^^'^~^(M.) for any e > 
was first proved in [AiH]. 

Below we introduce notations and definitions necessary for the construction of a formula. 
For a vector- valued C^-function ij = (r/i, . . . ,r]n) we will use the notation: 



k=l 

lirj = T]{(^, z, t) is a C^-function of C G C", z G C"" and a real parameter t G M' satisfying the 
condition 

n 

^kiC, Z,t) ■ [Ck - Zk) = I (7) 

fe=l 

then 

dLo'{r]) A uj{C) A u;(z) = 
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or, separating differentials, 

dtuj'irj) + ^c^'W + d.Lu'iri) = 0. (8) 
Also, if r]{(, z, t) satisfies (7) then the differential form u}'{ri) A u}{C,) A u}{z) can be represented 

as: 

n-l 

Y,^'M^u{0^u{z), (9) 

r-=0 

where is a differential form of the order r in dz and respectively of the order n — r — 1 in 

dC, and dt. Prom (8) and (9) follow equalities: 

dtu'M + d^u'M + d,J,_M =0 (r = 1, . . . , n), (10) 

and 

r n—r—1 

^'t{v) = -( ^— rrrrDetf??, 9^r/, 9^,*?? 1 , (11) 

(n — r — lj!r! L ^' J 

where the determinant is calculated by the usual rules but with external products of elements 
and the position of the element in the external product is defined by the number of its column. 
Let U be an open neighborhood in G and U = U H M. We call a vector function 

P{C,z) = iPi{C,z),...,Pn{C,z)) for iC,z)e{U\U)xU 

by strong M-barrier for U if there exists C > such that the inequality: 

MC,z)\>C-{piO + \C-z\') (12) 

holds for {(, z) & {U \ U) X U, where 

n 

$(c, z) = (p(c, z),c-z) = Y^ Piic, ^) ■ (Ci - zi). 

1=1 

According to (1) we may assume that ?7 = WflM is a set of common zeros of smooth functions 
{pfc, k = 1, . . . ,m}. The Levi form of the function p^^z) = X^jLi p]{z) is positive definite on 
the complex subspaces for any z ^ U. Therefore, scaling functions {pk, k = 1, . . . ,m} if 
necessary, and using q-pseudoconcavity of M for any z G M we can find an open neighborhood 
U 3 z, and a family £'^+^(^, z) q + m dimensional complex linear subspaces in C" smoothly 
depending on (0, z) G S"*~^ x U and such that 

-CzPe - C,zP^ 

is strictly negative on £^g+^(^, z) with all negative eigenvalues not exceeding some c < 0. 

For a set of functions G C^{U) we consider a family E:^_^_^{9, z) of (n-q-m)- 

dimensional subspaces in T(G), orthogonal to Eq^rn{&, z) and a set of C^'-smooth vector func- 
tions 

aj{e,z) = {aji{e,z), . . .,ajn{0,z)) for j = 1, . . . , n - g - m 
representing an orthonormal basis in E;^_q_^{6, z). 
Defining for {e,z,w) G S'""^ xUxC" 

n 

Aj{9,z,w) = ^aji{e,z) -Wi, {j = l,...,n-q-m) 

i=l 

we construct the form 

n—q—m 

A{0,z,w)= ^ Aj{9,z,w) ■ Aj{9,z,w) 
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such that the hermitian form 
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is strictly positive definite in w for {9, z) G §"^-1 X U. 
Then we define ioi C,,z & {U\U) xU: 

^ik(C)=-^ forfc = l,...,m, 

F^>^\q,z) = {Q^^\(^,z)X-z), (13) 

rn n—q—m 

Pi{Q,z) = Y,m)-Qf\c,z)+ E %i(e(c),^)-A,(e(c),^,c-^), 

A;=l j=l 
m 

k=l 

To prove that Pi{C, z) is a strong M-barrier for some U 3 z we consider the Taylor expansions 
of /9fe for A; = 1, . . . , m, and of p^, and using that -rrriz) = for 2 G M obtain 

2ReF(*^)(C, z) = pk{z) - pkiO + C.pkiC - z) + 0(|C - ^|') 

+ekiC) [p\z) - p\c) + c,p\C -z) + 0{\c zf)_ . 

Then we obtain for some U and {(, z) E {U\{Un M)) x (U n M): 

m n-q-m 

Re$(C,^) = E^fe(C)-ReF(^'HC,^)+ E ^i(^(C), C, ^) • ^,(^(0, C, ^) (14) 
fe=i j=i 

^ 'p(C) - p'(C) + Ape(C - ^) + 'C.p^(c - z)] + A{e{0,z, c-z) + o(|c - ^|'), 



2 

which implies the existence of an open neighborhood U 3 z \n C", satisfying (12). 

For Aj{C,,z) := Aj{0{C,),z,C, — z) and Qf\c,,z) we have the following equalities that will be 
used in the estimates below 

d^Aj{C,z) = ii^^\c,z) + p[i\c,z), 

(15) 

d^Qf\(:,z) = xf\(:.z), 

where 

n n 

p,^^\C,z) = E«..(^(C),^)dCi, t^'i^HCz) = E(C. - zi)d^aji{eiO,z), 

i=l i=l 

and 
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In our description of local integral formulas on M and in the future estimates we will also 

need the following notations. 

We define the tubular neighborhood ZY(e) of M in Z// as follows: 

U{e) = {zeU: p{z) < e}, 

where p{z) = (X^feLi Pfcl-^)) ^ • The boundary of Z^(e) - [/(e) is defined by the condition 

U{e) ={zeU: p{z) = e}. 
We consider the fibration of U (e) by the manifolds 

M{5i,...,6„,)={CeU{e):pi{C) = 5i,...,pUC) = Sm} 

and denote by 7" G CT (G) the subbundle of vectors tangent to fibers M . . . , dm)- 
For a sufficiently small neighborhood G G we may assume that functions 

PkiO, ImF^^KCz) {k = l,...,m} 

have a nonzero jacobian with respect to ReCii , . . . , Re^i^ , Im^j^ , . . . , IiaQ^ for 2;, C G W. There- 
fore, for any fixed z £U these functions may be chosen as local coordinates in C. We may 
also complement the functions above by holomorphic functions ^^^(C) = + ivj{Q with 

J = 1, . . . , n — m so that the functions 

PkiC), ImF('=)(C,^) {k = l,...,m}, 
'^jiO^VjiO {j = l,...,n-m}, 
represent a complete system of local coordinates in ( eU for any fixed z eU. 
We consider complex valued vector fields on U for any fixed z eU: 

d_ 

d — d 

and denote 



^i,d^) = c.T...T.(i\,^ .A for i = 1, . . . , m, 



Wi^C = ^i,C = q:^. for z = 1, . . . ,n - m, 



fe=i 

We also introduce a local extension operator of functions and forms from U = U CiM. to U 

E:g^ E{g). 

Assuming that locally manifold M in with coordinates Zj = xj + iyj, j = 1, . . . , n is defined 
as 

UnM = {z eU : pj{z) = Xj - hj{yi, . . . ,ym, Zm+i, ■ ■ ■ , Zn) = 0, j = 1, . . . , m} , (16) 
we define for a function g{yi, . . . ym, Zm+i, ■ ■ ■ > Zn) on U 

E{g){zi,... ,Zn) = g{yi,... 

) Vrnj Zm+1 j ■ ■ ■ ■> Zn), 

extending a function identically with respect to xi, . . . ,Xm- For a differential form 

9 = ^ 9i,J,Kdyi A dzj A dzK 

I,.J,K 

with multiindices I £ {1, . . . ,m), J, K £ (m+1, . . . , n) we define extension operator by extending 
coefficients as in the formula above. 

In our proof of Proposition 2.1 we will also use a special norm for functions and forms on 
{U \U)^ X Uz- Namely, using functions p,6i, . . . ,0m and coordinates yi, ■ ■ ■ ,ym, Zm+i, ■ ■ ■ ,Zn 
from (16) we define a C^-diffeomorphism 

^' : W(e) \ f/ ^ (0, e) x S""-^ x U 
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by the formula 

'J'(C) = (P(C), ^l(C), • • • , ^m(C), • • • , ^m, Cm+1, • • • , Cn) 

for ^ = ^ + ir]. Then for a form z) on (Z//(e) \ U)^ x [/^ and I < p we denote 

g{^-\p,e,v,C"),z) 



\9\\l 



C'([o,, 



with C"(C) = (Wl,---,Cn). 

In what follows we will assume that the defining functions pi,--- ,Pm satisfy condition 



mm 
U 



Det 



> c 



(17) 



I J|=m, j£l,...,n 

for some fixed c > 0. Then from the construction of Aj{(,z) and ^{C,z) we conclude that for 
I <p — 2 the estimates 



Q. 



(fc) 



^, \mi<c-{i + \p\i+2), 



(18) 



||Fc(^)||,<C7(l + |p|,+2)"*. 

hold for some C > 0. 

The following proposition provides local integral formula for Bm- 

Proposition 2.2. Let M C G &e a generic, regular q-pseudoconcave CR submanifold of the 
class C'P and let U he an open neighborhood in G with analytic coordinates zi, . . . , z^- 

Then for r = l,...,q — l, k <p, and any differential form g G C^^^-^i^) with compact support 



in U = W n M the following equality 

g = BwiRrig) + Rr+i{9Mg) + Hr{g), 

holds, where 

Rr{g){z) 



(19) 



/ ixr("'-l)' 1- 

I — 1 —. — • privr o hm 



E{g){0 A a;;_i ( (1 - t)-^^ + I ^ '^(O, 



Hr{g){z) = i-iy 



(n- 1)! 



pr^ ohm E{g){C)/\u'^ 



, fPiCz] 



^iCz) 



Aa;(C), 



E{g) is an extension of g to U, $(C,z) is a local harrier for U constructed in (13) and pr^ 
denotes the operator of projection to the space of tangential differential forms on M. 



Wc omit the proof of Proposition 2.2 because it is completely analogous to the proof of for- 
mula (19) for another barrier function in [PI]. 

To construct now global formula on M we consider two finite coverings {U^ C U'^} of G and 
two partitions of unity {t?^} and subordinate to these coverings and such that 'd'^iz) = 1 
for z G supp(^9J. 

Applying Corollary 2.2 to the form -d^g in W' we obtain 

Mz)9{z) = dMK{^cg){z) + K+^{dM^,g){z) + H!,{Ag){z). 
Multiplying the equality above by '^[{z) and using equalities 

<(z) • dMR'ri^.gXz) = Bm K(^) • K{^.9){z)] - dMKiz) A R'Mg){z) 

and 

Rr+ii9M^c9){z) = K+i{dmA/\g){z) + K+i{^ ,dMg){z) 
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we obtain 

^.{z)g{z) = dMKi9){z) + K+,{dMg){z) + H^r{9){z) (20) 

with 

K{9){z)=€{z)-KiA9){z) 

and 

H;(5)(z) = -dM^iz) A R'M9)iz) + K{z) ■ K+i{dm^. A g){z) + d[{z) ■ K{^,g){z). 
Adding equalities (20) for all i we obtain 

Proposition 2.3. Let M C G 6e a generic, regular q-pseudoconcave compact CR submanifold 
of the class C^. 

Then for r = 1, ...,q — l, k < p, and any differential form g G C^q (M) the following equality 

g = dM^l^ig) + BJ^HdMg) + n^^ig), (21) 

holds, where 

R^{g){z)=J2Ki^)-K{^,g){z) (22) 

and 

ilM{g){z) = E [-Bm^'Sz) a Ki^,g){z) + <(z)i?;+i(^^, A g){z) (23) 

+^[iz) ■ Hi.{^,g)iz)] . 



3. Estimates for and HJ^. 



From the construction of operator wc conclude that in order to prove necessary estimates 
for operator R^ it suffices to prove these estimates for operator Rr. In the proposition below 
we state necessary estimates for operator Rj.. 



Proposition 3.1. Let M C G 6e a generic, regular q-pseudoconcave CR submanifold of the 

~<k I 
'(0,r)( 



class in U satisfying condition (17) and let g G C^^Jj -.(M) {1 < k < p — A) he a form with 



compact support in U = H M. 

Then Rr{g) defined in (19) satisfies the following estimates 

\Rr{g%<C{k){l + \p\,+,f^'^\g\^, (24) 
\Rr{g)\k+i/2 < C{k) (1 + \p\k+Af^^^ \g\k , (25) 

with P{k) a polynomial in k and a constant C{k) independent of g. 

Proof. In our proof of Proposition 3.1 we will use the approximation of Rr by the operators 

Rr{e){f){z) = (-1)^^|-^ (26) 
x/ ^^QE{f){Ou;l_J{l-t)-j^+t^^] AuiO 

■/c/(e)x[0,l] \ \C-Z\ ^{C,Z)J 

when e goes to 0. 

Using equalities (15) we obtain the following representation of kernels of these integrals on 
U X [0, 1] X M: 



^(0 • ( (1 - + 1 A ..(0 



z 



HC,z) 



(27) 

Wx[0,l]xM 
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= E C> ^)dt A a;':!i(c, z) + Y, \i^j){t, c, z)dt A 7;'fi(c, z), 

i.J i,J 

where i is an index, J = uf^^^Jj is a multiindex such that i ^ J, a(^ij-){t, (, z) and b{ij-^{tX, z) 
are polynomials in t with coefficients that are C^'-functions of z, C, and ^(C)) and A*'I^^(i^, z) and 
T^'l'ilC) -2^) are defined as follows: 

1 



_ ^|2(| Ji| + | Jsl+l) . ^^)n-| Ji|-| Jsl-l 



(28) 



^Det 



Aw(C), 



and 



7;'-i(c,^) 



1^ _ ^|2(| Ji|+| Jsl+l) . $(^^ Jsl-l 



(29) 



X ^Det 



C — z, UiAi, , A - d^a, 'a ■ fli,, x, a'^^JI^, dz , A ■ d^a, a ■ BzA, BzQ 



Au;(C). 



We joined together terms of the form a ■ jiy and x since according to (15) they are similar 
from the point of view of estimates. 

In the proof of boundedness of operators Rr : C^'^^^(M) C^^q^^^^^^ (M) we will use smooth- 
ness of integrals with kernels A*'^^(C,2) and ^'\^^i{C, , z) . Smoothness of these integrals with 
respect to "CR tangent" and " CR normal" vector fields was investigated in [P2]. Below we 
describe some of the constructions from there. 

We consider kernels: 



■ ^dpi AdOiiC) Ada2n-miC, z), 



where / = ^^=ilj and ij for j = 1, . . . , 5 are multiindices such that Ii contains m indices, Jg, I3 
contain n indices, I4 U I5 contains m — 1 indices, I/4I + II5I = m — 1, {piQY^ = Hise/i PsCC)'"; 
(C - zY^ = Ui^a.iCs - zsr% (C - zY' = Ui^eisiCs - zsy% and 

m n—m 
da2n-ra{Q,z)= /\dQ\inF^^\C.z) f\ {dWi A dWi) . 



k=l 



i=l 



For kernels /C^ ^ we use the following notation 

k{lCif,)=d-\h\-\h\, 
h (iCi,) = h, 

i{ici,) = \h\ + \h\. 

The lemma below is a refinement of Lemma 3.2 from [P2] for C'' forms and vector fields. 



Lemma 3.2. Let M c G 6e a compact, generic, regular q-pseudoconcave submanifold, U 

and [/ = n M he neighborhoods such that (17) is satisfied for some fixed c > inU and let 
^{(,z) be as in (13). Let g{C,,z,6,t) be a form (1 < / < ^3 — 3) with compact support in 
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xW^ xS"*-^ X [0,1]. 

Then for g{(^, z, t) = g{(^, z, 9{Q,t) and a vector field 

j=l 3 j=l J 

such that < 1 the following equality holds 



C/{6)X[0,1] 



g{(l,z,t)-]Clf,{(l,z)dt 



f [D,g{C, z, t)] ■ /C^, JC, z)dt + / [D^giC, z, t)] ■ /C^, JC, z)dt 

Ju{e)x[0,l] ' i!7(e)x[0,l] 



+ E / C{s,a,b}i(^^^^) ■ 9{(,z,t) ■ IClt,{C,z)dt 



+ E / HL,i} (C, z, t) ■ [Y^{z)g{C, z, t)] ■ IC^hiC, z)dt, 

Li ''U{e)x[0,l] 



where vector field is defined as 



C{S,a,b} 



C-{L,i,e,k} 



<C(l + |H/+3)''", 



with some C > and kernels /C^^ and IC^f^ satisfy the following conditions 
k {^i,) +h-l (/Cf,,) < k (/Ci,) +h~l [iCi,) , 
k (/Cf,b) +26-2/ (/Cf J < k (/C^,) +2h-2l (fi 



(30) 



(31) 



(32) 



Proof. To prove the lemma we represent the integral from the left hand side of (30) as 



[/(e) X [0,1] 



5(C,^,t)-/C^,fe(C,^)cii 



(33) 



\D,g{(:, z, t)] ■ /C^,^(C, z)dt - / g{C, z, t) D^lC^^iC, z) 

C/(e)x[0,l] JC/(e)x[0,l] L 



dt 



+ / g{C,z,t)[{D, + D^)1Ci^^{C,z) 



dt. 



To transform the second term of the right hand side of (33) we apply integration by parts 
and obtain 



C/(e)x[0,l] 



g{(:,z,t) \d^1CI^{(:,z) 



dt=-l [D^g{C,z,t)])Ci^f,{C,z)dt 

C/(e)x[0,l] 



E / H3,a,b} (C, z, t) ■ g{C, z, t) ■ JC biC, z)dt, 



with 



^ < 1 and kernels /Cf 5 satisfying (32). 



To transform the third term of the right hand side of (33) we will use the formulas below 
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that follow from the definitions of F^^\C,, z) and A{C,, z), estimates (18) and from the fact that 



with 
max 



{D, + B^) ReF^^) (C, z) = E,,+/,.=2 /^If ' (C, ^, 0(Ci - z^f (0 - z^)'^ , 
{D, + D^) ImF(^)(C, z) = ELi A(C, z, t)iQ - Zi) + ELi A(C, z, t){Q - Zi), 
{D, + D^) (C- - z^) = E?=i ajiC, z, t){Ci - Zi) + Er=i «KC, z, m - Zi), 
{D, + D^) (0 - = ELi «?(C, z, t)iQ - Zi) + ELi «f (C, ^, m - Zi), 



(34) 



a. 



a,- 



, IIAIL} <C-(l + |p|i+3) 



aj^l} < C", and max| jS^j ^, ^/^^i 
for some C > 0. 

Applying operators and Z)^ to }Cliy^{C,z) and using formulas (34) we obtain 

(D, + Dc)4/.(C,^) 
{p(C)}'^(C-^)'^(C-^)'^ ^ 



(35) 



{-h)- 



\C-z\'^-^{C,z)h+^ 



[{D^ + D^) A] Adpi A dOiiC) Ada2n-miC, z) 



^ iei4 «s/5 



k=l 



fe=l 



with 



C{S,a,b} 



+ E C{5,a,6}(C,2:,i) ■K^a,bi^,z) 
S,a,b 

^ < C and kernels /Cf ^ satisfying (32). 



From estimates (34) we conclude that the first two terms of the right hand side of (35) can 



kernels /Cf with 



be represented as linear combinations with coefficients satisfying 

|52| + |53| = |/2| + |/3|+2, 



'{5,a,6} 



<C(1 + |p|h3) of 



or 



and, therefore, satisfying (32). 
Considering equality 



with 



da2n-m{C, z) = c(C, z) /\ d^lmF'^'-'Xc , z) /\ {dwi A dwi 

3=1 i=l 

l|c|lo > Ci, 

||c||,<C2(l + |pb+2)'", 



(36) 
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and defining 

m n—m 

d^Im$(C, z) J da2n-miC, z) = c(C, z) /\ d^ImF(^)(C, z) /\ (dwi A dm) 

k=l jj^k i=l 

we represent the third term of the right hand side of (35) as 



k=l 



OkiO ■ ^ 


{D, + D^)lmF(''\C,z) 




zY^ 




\C-z 


d 






{d^Im^{C,z) J da2n-miC,z)) A dpi AdOiiQ 











S,a,b 

C{S,aM\[ < C(l + IpIi+sY"" and kernels /Cf satisfying (32). 
Applying integration by parts to corresponding integrals, using third formula from (34), 
estimate (18) for ||y^(z)||, and estimate (36) we obtain 



with 



^lJU{e)x[0,l] 



9{C,z,t)- 



OkiO ■ 


\D, + D^)ImF(''\C,z) 


{piOV'iC-zY'iC-zY' 


\C-z 


d 



c(C,^) 



(37) 



xdr 



ie/4 «g4 
(dt;Im<I>(C: z) J da2n-n,[(,; ^)) /\dp, A d6>,(C) 



E / ek{Og{Q,z,t)-Y^{z) 



$(C,z)'* 

[D, + ZP^) ImFW (C, z)l {p(C)}'^ (C - zY' (C - ^)'^ 



IC-^IMC,^) 



ie/4 ie/s 

(d^Im$(C, -g) J da2n-ni{C z)) A dp^ A ^^^(C) 



m „ 

E / Ok{0[Y^{z)g{C,z,t)\ 



{D, + D^) ImF(^) (C, z)] {piOV' (C - zY' (C - zY' 



\C-z\dc{Cz) 

(d^Im$(C, Z) J (i(72n-m(C, -z)) Acg/Oj A d6't(C) 

$(C,^)'» 



= E 



+ E / C{i,,}(C,^,0-[n(%(C,^,i)]-/C,^/.(C,^)tii 

^ . JC/(e)x[0,l] 



with 



C{5,a} 



<C(l + |pb+3)'™ 



< C (1 + Ipli+s)™ and kernels satisfying (32). 



Combining now formulas (33), (35) and (37) we obtain statement of the Lemma. 



□ 
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Using now Lemma 3.2 we reduce the statement of Proposition 3.1 to the case A; = 0. In this 
reduction we will need the following simple lemma. 

Lemma 3.3. Let M 6e a generic CR submanifold of class in the unit ball in of the 
form: 

M = {CGBVpi(C) = --- = p^(C) = 0}, 

where {pk}, k = 1, . . . ,m {m < n) are real valued functions of the class satisfying conditions 
(17) on B" for some c > 0. 

Then for any point & M. there exists a neighborhood Ve((^o) = {C • IC ~ Co| < such that 
for any I > n — m the following representation holds in Vg : 



dCii A • • • A dCu AdCiA---AdCn = J2<^Pn/\---/\ dpj^-u+m ^ 9^:X-n+^ (0 (38) 



with 



< c. 

P 



□ 



According to (26) and (27) in order to prove the statement of the Proposition 3.1 it suffices 
to prove the estimates 



/[/(e)x[o,i] «(i,J)(*' C, z)dt A Eigm A A;':^i(C, z) < C{k) (1 + \p\k+3f^'> \g 



k ' 



/t/(e)x[o,i] b^,,j)it,C,z)dtAE{g){C) A 7;'-i(C,^) , < C{k) (1 + {pk+sf^"^ \g\k 



(39) 



and 



/f7(.)x[0,i] C, z)dt A E{g){0 A Xy_,{C z) < C{k) (1 + W+aY''^ , 



P(fe) 



fe+l/2 



/C7(.)x[0,i] hi,J)it^ C, z)dt A E{g){0 A 7;'-i(C, z) < C{k) (1 + W+.Y''^ \g\k 



\P{k) 



(40) 



fe+l/2 



with constants C{k) and P{k) independent of g and e. 

Using formulas (15) and estimates (18) for the terms of determinants in (28) and (29) and 
applying Lemma 3.3 to the differential form 



\Ji\+r 



dC A fir Aa;(C) 

we obtain representations 

a^,^j){t,C,z)dtAE{gmA\l:^,{C,z)= ^ C{j^a,j}iC, z,t)EigmiC'^^,^iC, z), (41) 



and 



{I,d,j} 



b(^,^j){t,Cz)dtAE{g){OAji'^,{C,z)= J2 (^{iAj}iC,z,t)E{g){OJC'a^^{C,z) (42) 

{lAj} 



with coefficients c^i^dj} satisfying 



<C(fc)(l + |p|,+3)" 



(43) 
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(44) 



(45) 



ioi k < p — 3. 

Multiindices /j for z = 1, . . . , 5 and indices d,h in (41) satisfy conditions 

d = 2(|Ji| + |J5| + l), 

/i = n-|Ji|-|J5|-l, 

|/2| + |/3| = 1 + |J2| + |J3| + |J6|, 

= I Ji| + I J4I + r + m — n. 
Multiindices Jj for z = 1, . . . , 5 and indices d, h in (42) satisfy conditions 

d=2(|Ji| + |J5| + l), 

/i = n — I Ji| — I J5I — 1, 
I/2I + I/3I = 2 + IJ2I + iJsl + iJel, 
I/4I = l^il + \J4\+r + m-n. 
Using representations (41) and (42) we reduce the problem of proving (40) to each term 

of the right hand sides of these representations. 

In the lemma below we reduce the proof of (39) and (40) to the case k = 0. 

Lemma 3.4. Statement of Proposition 3.1 follows from the corresponding statement for k = 0. 
Namely, for the proof of estimates (39) and (4-0) it suffices to prove that for a function h{(, z, t) 
on U(^xUzX [0, 1] and kernels /C^ ^, obtained from A*'_i and 7*'_i after application of Lemma 3.2 
the following estimates hold 

/c/(e)x[o,i] KC,z,t)lC^^^^{(:,z)dt\^ < C\h\o, 
/c/(6)x[o,i] HC,z,t)}^d,hiC,z)dt\^^^ < CI/ili,^, 

where = sup^^^ |/i(C, i)|i ■ 

Proof. In order to prove Proposition 3.1 we have to prove that for any set of vector fields 
Di,...,Dk eCP{U, T) such that | A|p < 1 



(46) 



p(k) 



9\k 



Dio...oDk /[;(,)x[o,i] Eiam ■ C{/,d,,}(C, z, t)/C^, JC, z)dt\^ < C{k) (1 + IpU+3) 
D^o...o Dkfuie)xm E{gm ■ C{j,d,j}{C,z,t)IC'a,hiC^)dtl^, < C{k) (1 + \p\k+Af^^^ Iff 

with constants C{k) and P{k) independent of g and e. 
We apply operator 

P = o • • • o Dfe 

to integral 

E{g){Q ■ C{i^a,i}{(:,z,t)Kl^{(:,z)dt 

C/(e)x[0,l] 



(47) 



using Lemma 3.2. 

Then we obtain representation 



V 



C/(e)x[0,l] 



E{g){Q . C{i^a,j}{C,z,t)K.l,^n{C,z)dt 



(48) 
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= E E , ,qK,s,a,6}(C,^,*)- {Y^{z),D^}^E{g){0\.1Cl,{C,z)dt, 

where i? = (ri,r2), {^^(z),!)^}^ denotes a composition of r\ differentiations Y(^{z) and r2 
differentiations D^^ij with = ri +r2, 



C{R,5,a,fe} 



<C{k){l + \p\k+^f^^\ 



(^{R,S,a,b} 



< C{k) (1 + , (49) 



and kernels satisfy (32). 

Applying then (46) to each term of the right hand side of (48) and using estimates 

{Y^{zl D^}RE{g)\^ < C{k) (1 + \p\k+3f^'^ \9\, , 



(50) 



{Y^iz), D^}^E{g) < C{k) (1 + \p\k+Af^^^ \9\k , 

1,2 

we obtain (47). CH 
The following lemma which is a part of Lemma 3.5 from [P2] will be used in the proof of (46). 



Lemma 3.5. Let 



B((5) = {(r?,w;) G M"* X C" ■Y.^f + 1^1^ < '^}' 



i=l 



V(5) = {(?7,u;)GM'^xC"-"^:|r?i|+^|7?i|2+ ^ \w\^ Kd"}, 



i=2 



K{k,h} ir],w,€) 
AZidVi A^Jr (dm A dwi) 



with k,2heZ. 
Let 



and 



Ii{k,h}{e,6)= K{k,h}iri,w,e), 
Jvis) 



l2{k,h}{e,6) = [ K{k,h}{7j,w,e) 
Jb(i)\v(5) 



Then 



Ii{k,h} ie,S) 



O (^(r'in-m-k-h . (log g)2^ ifk>2n-m-land k + h > 2n - m, 
O (5) if k > 2n — m — 1 and k + h<2n — m — 1, 

Q (^^(2n-m-k-2h+i)/2 .\Qg^ if k < 2n - m - 2 and k + 2h > 2n - m + 1, 



[ 0{5) 



if k < 2n — m — 2 and k + 2h < 2n — m, 



T su h\ ( x^ — n ( -f / k>2n — m — 1 and k + h < 2n — m, 
l2{fc,lii[e,d) -uyd ) If i j,^2n-m-2 andk + 2h<2n-m + 2, 



We will prove estimate (46) as a corollary of the lemma below. 
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Lemma 3.6. Let g be a function with compact support in x [/^ x [0, 1] such that \g\i ^ < 
and let /C^^ satisfy conditions 

k{lCi,)+b-l{lCl,)<2n-m-2, 



Then 



feiz) 



:=( [ g{C,z,t)JCl,{C,z)dt] eC^/\U) 

\JU{€)X[0,1] J 



and 



1/4 < C (1 + IpUr \g\, , <C{1 + \p\sr 

with C independent of g and e. 

Proof. To prove inclusion 

we consider for w E U and arbitrary S > neighborhoods 

W{w, e,V6) = {CeU: p(C) = e, |$(C, w)\ < C ■ 6} ., 
such that for \z — w\ < S 

W{w,e,c^/6) C W{z,e,VS) 
with constants c, C > independent of w, z and S. 
Then we represent fe{z) as 

/e(-2)=/ ^ 5(C,^,t)/Cf,;.(C,^)dt 



>V(z,e,V6)x[0,l] 



+ 



{U{e)\W {w,e,Vd))xlO,l] 



g{C,z,t)}Clt,{C,z)dt. 



dpi\ 



U(e) 



edOi 



Applying then formula 

and Lemma 3.5 we obtain for the first term of the right hand side of (53) 

g{C,z,t)K.l^{C„z)dt 

m— 1 

/ 



W(2,e,V5)x[0,l] 



/ 



< C\g\o 



AidOiiQ Ada2n-m{C, z) 



W,e,V5)x[o,i] IC-zlf^c^^-MCzTC^^ 



V 



<C{1 + \p\3f \g\o (e'^'^) • Xi {fc(/C), h{}C)} (e, Vd)) < C {1 + \p\sf \g\o ■ 6'/\ 

The same argument proves the first estimate from (52). 

For the second term of the right hand side of (53) using the estimate 

F(>'\c,z)-F^'^\C,w)\<Cil + \p\3)S 

for z,w such that \z — w\ < 6 and Lemma 3.5 we obtain 



{U{e)\W{z,e,V5))x[0,l] 
< 



g{C,z,t)JCl,{C,z)dt- J^^ 

(W(€)\W(2,e,V6))x[0,l] 



{U{e)\W{z,e,VS))x[0,l] 

giC,z,t) \lCl,{C,z)-)Clt,{C,w 



g{C,w,t)lClf,{C,w)dt 
dt 
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+ / [g{C,z,t)-g{C,w,t)]K:l^,{C,w)dt 

J{U{e)\W{z,e,V5))x[Q,\\ 

< C (1 + \p\zf \g\o5 ■ [T2 {A;(/C) + 1,6- /(/C)} (e, v^) + 12 {k{lC),h - 1{K.) + 1} (e, VPj] 

+C (1 + \p\^f |5|i,.<5 • [I2 {k{lC), h - /(/C)} (e, Vt) 

<C{l + \pUf\g\i,J^'\ 
Representation (53) together with the estimates above show that 

\feW/2<C{l + \p\zf\g\i,, 

uniformly with respect to e. 

To prove the first estimate from (52) we use estimate (54) for W{z,e^ 1). 



□ 



In order to complete the proof of Proposition 3.1 wc have to prove applicability of Lemma 3.6 
to the kernels obtained from }^^'Li and 7*'^^ after applications of Lemma 3.2. We will achieve this 
goal by proving relations (51) for these kernels. According to Lemma 3.2 expressions in the left 
hand sides of these relations don't increase under transformations from this lemma. Therefore 
it suffices to prove relations (51) for the original kernels /C^^(C, 2:) satisfying conditions (44) 
and (45). 

Second condition from (51) is always satisfied for the indices satisfying (44) as can be seen 
from the inequality 



k{iq + 2h{K) - 2/(/C) <2n-m- \Jq\ <2n-m, 
where we used relations 

4 

" -1, 



(56) 



n 



4 

i=l 



1, 



i,J 
r-1- 



for the multiindices of A, 

The same arguments show that condition (56) is also satisfied for the indices defined by (45). 
First condition from (51) is not satisfied for all kernels /C^ ^(C, z). But in the lemma below we 
show that if this condition is not satisfied then the corresponding term of the integral formula 
for -Rr(e) does not survive under the limit when e ^ 0. 



Lemma 3.7. // fc(/C), /i(/C), l(/C) gZ and 

k{JC) + h{K,) - 1{K,) >2n-m-\ 

then 



j E{g)iOciC,z,t)ICi^{(:,z)dt 

Ju{e)xlO,l] 



<C{k){V~e-loge){l + \p\k+3f^''^\g\,. (57) 



Proof. Under every application of Lemma 3.2 the quantity 

k{JC) + h{JC) - 1{JC) 

doesn't increase, therefore using representation (48) and estimates (49) and (50) from Lemma 3.4 
we reduce the statement of the lemma to the case k = 0: 



C/(e)x[0,l] 



E{g){Oc{C,z,t)K:if,{C,z)dt 



<C(V^-loge)(l + |p|3)^|5|o. 



(58) 
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To prove estimate (58) we use inequality 

2n-m + 1{K) - k{lC) - h{iq = n - | Ji| - | J5I + \M - 1 > 1, (59) 

which is a corollary of definitions of k(JC), h{K) and Z(/C), equality 

5 

^ |Jj| = n - r - 1 
1=1 

and inequality 

n - 1 - |Ji| - IJ5I > 1. 
Prom the condition of the lemma and inequality (59) we obtain 

k{iq + h{iq - l{iq = 2n-m-l 

and 

n — I Ji| — I J5I — 1 = 1, 

which leads to 

|Ji|=n-r-l, |J3| = 0, |J4|=0, |J5| = r-l, 

and 

1{IC) > \ Ji \ + \ Ji\ + r + m - n = m - 1 > 1. 
Using Lemma 3.5 to estimate the integral in the left hand side of (58) we obtain 

/ E{g)iOciC,z,t)ICi^{C,z)dt 

JC/{e)x[0,l] 

<Mo-e'('=)-0(Xi{fe(/C),/i(/C),0} (e,l)) 
em . O (^^2n-m-k{lC)-h{lC) . g)2^ > 2n - m - 1, 

. Q ^^{2n^m-k{K)^2h(K)+l)/2 . j^g < 2n - m - 2. 

Using then inequality (59) in the first subcase of the above and inequality (56) in the second 
subcase we obtain estimate (58). CH 

This completes the proof of Proposition 3.1. 

In the proposition below we refine estimate (24) for a special case k <^p. 

Proposition 3.8. Let M C G &e a generic, regular q-pseudoconcave CR submanifold of the 
class in U satisfying condition (17). Let s,k ^% he such that s < k and k + s < p — 3. 
Then Rr{g) defined in (19) satisfies the estimate 

\Rr{9)\k+s < C{k) (1 + Iplk+sf^"^ [\9\k+s + (1 + \p\k+s+3) \9\k] , (60) 
with P{k) a polynomial in k and a constant C{k) independent of g. 

Proof. Proof of estimate (60) is analogous to the proof of (24). Namely, wc inductively 
use Lemma 3.2 and reduce the statement of the Proposition to the estimate (46). The only 
difference is that we consider separately two groups of terms: with derivatives of g of order 
higher that k and the rest. For the terms with derivatives of g of higher order, derivatives of 
functions Cj^^j and j g^^j, appearing in the Lemma 3.2 will be of the order lower than k. 
Therefore, using estimate (31) and estimate (52) from Lemma 3.6, we obtain that these terms 
are dominated by the first term of the right hand side of (60). 

For the terms from the second group we have to estimate the derivatives of functions Cj^ ^ 
and j_e,fc} of the higher order but derivatives of g will be of the order, less or equal to k. 



< bio 
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Using estimates (31) and (52) we obtain the second term of the right hand side of (60). 

Lemma 3.7 assures that only the terms with "good" indices have to be estimated. CH 

To complete the proof of Proposition 2.1 we have to prove estimates (5) and (6) for operator 
H^. From the definition of operator Hj^ we conclude that it suffices to prove these estimates 
for each of the terms below 

dMK{z)^Rr{^.9){z), &,{z)-K._,^{dM^,Ag){z) and ^[{z) ■ Hi.{^,g){z). 

Estimates of the first two of these terms follow from the corresponding estimates of operators 
Rr proved in Proposition 3.1. The proposition below takes care of the third term of HJ^. 

Lemma 3.9. Let r < q. Then 

Hr{g){z) = 0. (61) 



Proof. Using approximation of by the operators 

.(n- 1)! 



Hr{e){g){z) = {-lY 



{2my 



•prMO / ^d{OE{g){QAJ, 



U{e) 



Aa;(C) 



we conclude that it suffices to prove equality 



CO, 



Aco{C) = 



(62) 



for r < q. 

This kernel with the use of (15) may be represented onU x U as 



I 

to,. 



(63) 



i,J i,J 

where i is an index, J = Uf^^Jj is a multiindex such that i ^ J, a(j^j)(C,z) and 6(j^j)(C, z) are 
C^-functions of z, C, and 0{Q, and (l)p'^{(,z) and 'ijjp'^{(,z) are defined as follows: 



<f>yic,z) 

and 

€''iC,z) 



HC,z) 



X Dot 



ieJ4 jeJs jeJe' 



Q('\ a ■ d(^a, a ■ III,, X, a ■ fir, A ■ dzU, a ■ dzA, d^Q 



Aa;(C) (64) 



xDet 



QiAi, A ■ d(^a, a - Hiy, X, a - I^t, A ■ d^a, a ■ dzA, d^Q 



HC^zT 

Multiindices of (j)]:'^ and satisfy the following conditions 

Ef=i \Ji\=n-r- 1, 
\Ji\ + \J2\<m-l, 

therefore, \i r < q then 

\J2\ = n — 1 — 1 — \ J\\ — \ J2\ > n — r — m > n — q — m, 

which is impossible. 



Aa;(C). (65) 



(66) 



□ 
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4. HOMOTOPY FORMULA. 

Our proof of Theorem 1 is based on a transformation of operators H^, Rj^ and 
manifolds M close to a fixed manifold Mq such that dimH^ (m.o,B\-^^^ = 0. We start with 
the construction of a homotopy formula on Mq. 

Proposition 4.1. Let Mq C G be a compact, regular q-pseudoconcave submanifold of the 

class and let B be a holomorphic vector bundle on G. Let for some r < q equality 
dimiif ^Mq, = be satisfied. Then for k < p — A there exist s,l G Z,^ , linear 

continuous functionals {aj}'l on Cj^^ (wLo,B\j^^^ , linear continuous functionals on 

^(o,r+i) (Mc^Imo). collections {gjjl G C^-^^ {^o,B\^^) and {fj}[ G C^-^] {Mo,B\^^), 
and operators 

Pmo(") = ^Mo - Ei=i Pi{9Mou)fi - El=i ai{u)9Mo9i) + El=i ai{u)9i, 

(67) 

such that 

<C{k), (68) 



I Mo Ifc ' 



-pr+l 



and operator Fmq = ^^o-^Mo '^^m.q'^o defines an isomorphism on C'^^or) (^0''^Imo)' 



Proof. We consider the Predholm operator from (4) 

and construct a subspace of finite codimension in C'^'^or) (■'^^''^Imo) ^^^^ 

striction of Amq to is invertible. To construct such a subspace we will use the lemma 

below. 

Lemma 4.2. Let A : B — ^ B be a Predholm operator on a Banach space B of the form 
A = I — H with compact H . Then the sequence of subspaces 

• • • D i^er(A") D Ker (^""^^ • • • D KerA (69) 

stabilizes on a finite step. 

Proof. Let us assume that sequence (69) doesn't stabilize on a finite step. Then there 
exist S > and a sequence G B such that 

= 1, Xn £ Kn and dist{xn,Kn-i) > 6, 

where = Ker (A"') are finite-dimensional subspaces in B. 

Using then Hahn-Banach theorem we can construct a sequence of linear continuous function- 
als {In} on B such that 

\\ln\\ < i/S, Inixn) = 1, and ln{x) = for xe Kn-1. (70) 

Since H is compact we can assume that sequence {H{xn)} converges in B, and therefore 

lim„^oo \\H{Xn - Xn-l)\\ = 0. 

Using then the estimate 

\ln {H{Xn - Xn-l))\ < \\ln\\ ' \\H{x 
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we obtain that |Z„ {H(xn — Xn-i))\ — ^ when n — ^ oo. 
But on the other hand 

In {H{Xn — Xfi—i)) = In (x„ — A(^Xn) — Xn—l + A[Xn—l)) = In (^^n) = 1) 

where we used properties (70) and 

A {Kn) C Kn-l, A {Kn-l) C Kn-L 

Obtained contradiction proves the lemma. CH 
Applying Lemma 4.2 to Amo on C'^or) (■'^^''^Imq) such that 

Ker (aXO n C%^r) (Mo,^Imo) = (^Mo) ^ C?o,.) (Mo,^Imo) ^ ^ ^ 
and therefore 

Ker (aS« J n Im (a]^ J = 

for the restriction of A^^ to (^(or) (^0''^Imo)' hence on any C'^'^or) (^0''^Imo) ^^^^ 
1 < A; < p - 4. 

Using the estimates for operator H^^^ we conclude that the restriction of the identity operator 
to Ker (ass J n Cj,,,) {m,B\^) is smoothing from Cf^,,) {Mo,B\^^) to cjjf {Mo,B\^^) 

for any k <p — A. To prove higher smoothness of the elements of Ker (a^^ j PI C^q ^.^ (m, B\-^ 
we use the following interpolation result, which follows from [Kr], (cf. [LP]). 

Proposition 4.3. Let < e < 1/2 and let 

be a linear operator, satisfying 

IM/)lfc+l/2<C-|/U+o 
\Hf)\k+3/2 < C ■ \f\k+l+e- 

forke Z+. 

Then for < a < 1 the estimate 

|-^(/)lit+a+l/2 < C ■ \f\k+a+e 

holds. 



Mo 



□ 



Starting with C'^q^^'^ {1sAq,B\^^ and consequtively 2 — A; — 4) times applying Proposi 
tion 4.3 for small enough e we obtain that the identity operator on Ker (^A^^ l^^fo r) (■'^' '^Im 
is smoothing from C^^ ^.-j (Mq, 'Sjj^^J to C^q^) (■'^o ' I Mq ) ' Defining then for A; < p — 4 

^S, = ASSo [^(0,.) (Mo,i3|j^J] and /Cmo = Ker (a^^J n ^-^^ {^Am) 
we obtain that for k < p ~ 4 

(i) Cfo,,) (Mo,B|j^J=A4;ie/CMo, 

(ii) dim /Cmo < oo, 

(iii) restriction of Amq to is an isomorphism. 
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Using condition dimH^ ^Mq, i3|j^^^ = we can find finitely many forms gi,. . . ,gs and con- 
struct a finite basis 

{^Mogi, ■ ■ ■ ,^o5s)/i) •••,/;} 
of /Cmo with {gj}l G Cf^-li) (Mo,H|j^J and {fj}[ G C^-^] {Mo,B\^^) so that 

Smo = {he /Cmo : = 0} = Spanj^^^i, . . .,dMo9s} , 

Pmo =Span{/i,...,/J, (71) 

Applying then Hahn-Banach theorem we construct linear continuous functionals 

{aj}l onqV) (Mo,^|mo) 

such that 



a 



(dMoOi) = Sj, 



(1) (^2) 
aj{h} = OforhEAfiJileVMo- 

In the construction of linear continuous functionals {PjYi from (67) we will need the following 
lemma. 

Lemma 4.4. 

^0 (Pm„) n cl {dM„ (AAg © cSmo) } = {0} , (73) 

where cl ^Bmq (-^Mq ® '^Mq)} is the closure in C(o,r+i) of the image ofJ\f^^®SMo 

under Bmo ■ 

Proof. Using (71) and (72) we redefine operator ^y the formula 

\ i=l J i=l 

Then the restriction of a new Amq = ^o-^^Mq -^Mo^^o -^Mo ® '^'^o coincides with the 
old one on A/jy]-^ and with identity on <Smo ■ 

Therefore there exist bounded linear operators 



such that 



° = Am„ o bS^^^^ = I, 



bS„ {Mill ® <5mo) = A^Si © Smo , (74) 



\^S,\<Cik). 



We denote 



and consider actions of Amq and B^^^ on Z^^. For any h G we have 



^So = {h^ (Mc^Imo) ^oh = O} , 

G i 

Amo(^) = ^oRmo(^) ^ ^Si' 

and thus 

Aa/t /"f^^^ W F*^'') and A"o ( r f'^^'^ 
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Using (71) we represent h G as 

h = h-p + hs + hj^ 

r(k) 

with h-p G "Pmo ) hs G 5mo and hj\f £ A/j^ , and obtain 



'Mo' 



with 

Since defines an isomorphism on A/"]^^ and (-^Mq) — "^Mo' ^® conclude that 

/lA/" € n Z;^^ and, therefore, 

-2S!, = (-A/"ffinz£))e<SMo. (75) 

Prom (75) we obtain that for h G 2^^^ 

Amo(/i) = 4ioRLio(^) e ^£ c AAiJ) © 5mo, 

and thus 

Amo (^Si) = ^mI and Bg^ (zg^) = z£) . (76) 
Then for any h G A/mq ® >5mo we will have 

Amo(M = ^oRmo(^) + ^^0(^0^ e ATgJ © 5mo c ATS;') © 5mo (77) 

with 

dMoRlAoih) e -z£^'^ c a45;'^ © Smo, 

and thus 

R^^o(^o^)eArS;'^©5Mo. 
Applying Bj^~^-* to both parts of (77) and using the last two inclusions we obtain for h G 

h = b£;') (^oRmo + Rmo ^0) ih) (78) 
Prom (76) we conclude that 
and 

B£;^)aM„R'M„(/^) = Amob£;'^ [B£;^)aM„RU,(/i)] (79) 

= ^oRMoBg^^^Bg^^^^oR^j,(/l) = OMoCMo(/i), 

with 

Cmo = RmoBmo^''b|^o^^^oRmo • -^Mo ® '^Mo ^ (^(oVr) (^0,^|mo) ' 
Denoting then 

we rewrite (78) for h G © as 

h = Bmo Cmo {h) + Dmo (^0 ^) • (80) 
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To complete now the proof of the Lemma let us assume that there exists ip ^ 0, such that 
ip e Vmo, and a sequence {^o^ilT ^ ^{o,r+i) such that 

limj^oo^o^j = ^oV' in C'(o,r-+i) (^Oi-Slj^J . 

Prom the continuity of operator Dmq we conclude that sequence {DMo(^iV[o^^^i)}i° also con- 
verges to some 7 G Cj, ,,) (Mq, . 

Using inclusions € A/^l, © ^^Mq and T)Mo{9Mo4>i) € '^(o^) (^Oj-^Im^) and representation 
(80) we obtain that ^oCMo(^^^i) € 2^^^^^^ C © iSmq and therefore 

Dmo(^o'/'0 e AAiii © 5mo- 

Using then closedness of M^^^.^ © Smo we obtain that 7 G -^Mi, © "Smq and (?Mo7 = ^^□V'- 
Condition (7 — V') = implies 7 — G -Z^^^ C A/"]^^ © 5mo and therefore ip G A/"]^!^ © Smq : 
which contradicts inclusion -0 G "Pmq- D 



To conclude the proof of Proposition 4.1 we use condition (73), apply the Hahn-Banach 
theorem to C^'q^.^j^-^ (m.q,B\^^^ and construct linear continuous functional {A}i such that 

Pi{dMofj) = and Pi (dmoh) = for /i G AAj^^j © 5mo- 

Then operator Fmq = ^o^Mo + ^Mo^^o with PJ^^ and Pmq^ from (67) will satisfy the 
following conditions: 

(i) FMo(/i) = AMo(/i) for h G Mi^l {k = 2,...,p- 4), 

(ii) FMo(9Mo5i) = ^ofj) 

(iii) FMo(/i) = /i, 
and will therefore define an isomorphism on C^q^) (■'^O' '^Imo) ' 

Estimates (68) follow from the corresponding estimates for operators R-Mq -^Mo^ ^^'^ 
from the boundedness of linear functionals {aj}^ and {(3i}[. CH 

The proposition below, which can be considered as an analogue of the Hodge-Kohn decom- 
position for C^^^-^ (•'^Oi'^Imo)' Pi'oved using basically the same approach as in the proof of 
Proposition 4.1. 

Proposition 4.5. iei Mq C G be a compact, regular q-pseudoconcave submanifold of the class 
and let B he a holomorphic vector bundle on G . Then for fixed r < q and 1 < k < p — 4 
there exist a finite- dimensional linear operator 



Mo,^Imo)-4,0 (Mc^Imo)' 



and linear operators Qm^, and Q,^^ such that 



(81) 
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and equality 

h = ^oQmo(^) + Qmo (^0^) + KLio(M (82) 
is satisfied for any h G C^o,r) (^Oj-^lj^^) . 

If for h G C^or) (•'^0''^Imo) ^^^'^^ exists g G (^(^^-i) (■'^^''^Imo) ^^^^ ^^^^ ^Mo9 = h, then 

Proof. As in the proof of Proposition 4.1 we use Lemma 4.2 and Proposition 4.3 and obtain 
a more general decomposition 

'^Mo = {h^ A^Mo : ^9 e C'(o,r-i) (^O'^Imo) = h^ = Span{^o5i, . . . ,^o5s} > 

^Mo =Span{t;i,...,vt}, 

Vm.0 = Span{/i,...,/i}, 

^(M (Mo,^Imo)=O^Mo, 

(83) 

with teK e Cfo_,_,) (Mo,^Imo)- 

Applying then Hahn-Banach theorem we construct linear continuous functionals 

{af}[ and on (Mo, 

such that 

af {h} = for ^ G A^J^, © © ^Mo , (84) 

^j'^) (/i} = for G © 5^;, © Pmo • 
Redefining as in Lemma 4.4 operator Rj^o ^'-'^ ^ fixed l<fc<p — 4by the formula 

(s I \ s 

i=l i=l / i=l 

we obtain that the new Amq = ^MoR-Mq ^^m^^Mo coincides with the old one on M'^^^ for 

(k) (k) 

1 < k < p — i, is identity on S^^, and is zero on Cj^^- Thus operator Amq can be extended to 

an isomorphism Fmq on Af^^ © © JO-^^ by setting it as identity on . 
Denoting 

^Mo = {h G C^O,r) (Mo,^|mo) = O} , 

we obtain that defines an isomorphism of A/"]^^ © Sj^^ © into itself, preserving 2^^^. 
Therefore, there exists a bounded operator 

-■-Mo • ■'^Mo ^ '^M(, ''-Mo ^ ■'^M,, ^ '^Mo -^-Mo ' 

preserving M'^^^ and ^Mq- Using then that for h G TVjy^^ C A/'j^^^'' © 5^^^'' © -Cmq^'* '^^ ^^^^ 
^oI^Mo(^) G ^Mo^^^ ■^'^ obtain as in (78)for/iGAA£; 

h = t£;^) o Y^^;\h) = t£;^) (^oRmo(/^)) + t£;'^ o r^^; (^^z^) . (ss) 
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For h G we consider a representation of / = dMo^M^gih) G C^q^_-^^ (m.o,B\^^^ as 

f = Jm + fs + fc, 



with /at G A/"]^',, ^\ /5 e and G and from (85) conclude that g = BJ^l (Omq^) 

also admits analogous representation 

9 = 9N + 9S +9C- 

Prom the definition of operators Tj^^^ we conclude that equality (85) holds after projecting 
all terms of this equality on A/"]^"^^ 

h = f^^ + gM = V'^M° (^oR-Mo (^)) + P^aa ° ^m^^^ ° ^ml (^o^) > 

where is the projection on ^\ 
As in the proof of Lemma 4.4 we have 



,(fe-i) 



and 



(fe-l) 



.(fc-l). 



(86) 



- ^qRmo'^Mo^^ 



with 



Cmo - RmoTmo^''p^A/''^M„^'''9m„R.Mo • '^(0,r) (^0''^Imo 



^(mK^Imo)- 



Denoting then = prA/T^^^-* o R^^^, we can rewrite (85) for h G as 

= ^oCR,o(M + Dj;+; (^„/i) . (87) 
Using (87) as in the proof of Lemma 4.4 we obtain 

9m„ (Pmo) n ci {^Mo (^Si © sS, ® /:£;,)} = {0} , (88) 

where cl |9mo (a/m^ ® ® -^Mo)} is the closure in C'(^o7h-i) (^0''^Imo) image of 

•^Mo®'^Mo®'^Mo under 9mo- Equality (88) allows us to construct linear continuous functional 
{Pt'^}\ on Cfo-^i) (Mo,H|j^J such that 

/3f "'^ (9mo/,) = '^^ and /^f "^^ (^,/i) = for G A^JJ © © C^^^. 
We consider then operators 

PRdoW =Rmo (^-EU/3f"'^(^o^)/i-Ef=iafHt^)aMo5«-E*=i7f 



(89) 



and operator 



E*=i7f(«)- 



Lmo — ^^oPmo + ^Mn 
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satisfying the following conditions 



27 



LMo 



= 0, Kmo 



I, Lmo 

= 1. 

{k) 



C(k) 



0, 



(90) 



Prom (90) we conclude that the restriction of Lmq to A/j^q is an isomorphism and in order 
to construct necessary operators Qmq ^® ^s^^Q to modify operators Pj^^^ and P^o^ 

only on ■ Such a modification has been made already for operator Amq in 

(86) and (87). 

Namely, using (86) , we obtain for h G J^^^ 



(fe-i) 



(fc-1) 



with 



Qmo - Pmo'^Mo^^P^A/''^Mo^^^oPmo ■ <^(0,r) (^O'-^Imo) ^ ^(V) (^O'-^Imo) " 

Defining then Q^q^ = pr^T^"^-* o P^^^^ we obtain equality (82) with operators ^"^^ 
Qmo^ satisfying estimates (81). CH 



.(fc-i). 



In order to prove existence of homotopy operators Pm for a manifold M close enough to 
Mo we will make several assumptions on the local structure of such a manifold and its defining 
functions. We assume the existence of a finite cover {W}^ of some neighborhood of Mq in G 
such that in each W' the manifold MnflW' has the form (1) with defining functions 

^ ^ ^ V'-'^ ) l<l<m 

We also assume the existence of C^-diffeomorphisms F : Mq — M such that !F{z) = z + f''{z) 
in U^=U'n Mo with f G [C^ (J/q^)]". 

For close enough to identity or = maxt{|/i|p} small enough the inverse map G = J'^^ 
has the form Q{z) = z + g''{z) with g"- G [C** (l^*^)]" for some neighborhood V" C {U'') and 
y- = V' n M. The proposition below shows that the collection {V C W-}^ may be chosen so 
that it also covers some neighborhood of Mq. 

We denote by B(r) the ball in C" of radius r centered at the origin and for a function 
/ : B(r) ^ C we denote 

\fl^^= sup d'^fiz) , 

ze«ir),\J\<p 

where J = {ji, ■ ■ ■ ,j2n) is a multiindex, |J| = ji + ■ ■ ■ + j2n, and d"' = dl^^ ■ ■ ■ dl?^^ with 
coordinates {xj}^" such that zj = xj + ^/—lXn+j■ For a C'f-smooth vector function / : B(r) ^ 
C" and k < p we denote 

\f\r,k= sup \fi\r,k- 

l<i<n 

Proposition 4.6. (cf. [W2]) Let Fi{z) = Zi + fi{z) for i = 1, . . . ,n, and let the functions 
{/ill G CP(B(1)) satisfy the estimate < e. 

Then for small enough e and fixed s,k G such that < s < k, k + s < p there exist a 
constant C (k) and a set of functions 

{g,r, e CP (Mil -2e)) 

such that G{z) = z + g{z) G B(l) /or z G B(l - 2e), 

FoG{z) = z (91) 
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(92) 



is satisfied on B(l — 2e), and 

\9i\l-2e,k<C{k)-{l + \fh,kf^'^\fh,k, 
h\l.2e,k+s<C{k)-{l + \f\l,kf'^'Uf\l,k+s, 

with polynomial P{k). 

Proof. Substituting formulas for F and G into (91) we obtain the equation 

g{z)+fiz + giz))=0 (93) 

for mapping g. To construct g satisfying (93) we consider the following sequence of mappings 
go,gi, . . . defined inductively 

goiz) = 0, 

9l+i{z) = -f{z + gi{z)). 

For 5o we have the estimates 

\g^{z) + f{z + go{z))\ = \f{z)\<e, 

\g^{z)-gQ{z)\ = \-f{z)\<e. 
Assuming then the estimates 



(94) 



\gi{z) + f{z + gi{z))\ < (2n) 



I . J+i 



\gi+i{z) -giiz)\ < (2n) 



I . J+1 



(95) 



for some I we prove them for / + 1. For the first estimate using the mean value theorem we 
obtain 

\gi+i{z) + f{z + gi+i{z))\ = \-fiz + gi{z)) + f{z - f{z + giiz)))\ 
= \-fiz + gi{z)) + f{z + gi{z) - gi{z) - f{z + gi{z)))\ 
< 2n ■ ■ \giiz) + f{z + gi{z))\ < (2n)'+ie'+2_ 
For gi^2 — 9i+i using the first estimate for i + 1 we obtain 

\gi+2iz) - gi+i{z)\ = \-f{z + gi+iiz))-gi+i{z)\ < {2ny+h'+\ 
From estimates (95) we obtain that for e < (4n)~^ 



\9liz) 



\go{z) + (giiz) - go{z)) + ■■■ + {giiz) - gi-iiz)) | < e • (^1 + ^ + • • • + < 2e, 



and therefore sequence (94) is well defined for z G B (0, 1 — 2e) and converges uniformly on 
B(0, 1 — 2e) to a continuous mapping g satisfying (93). 



To estimate \g\k and l^lfc+s we consider variables {xj}'^"' such that zj = xj + V— 1.t„ 



and functions {j/j}]^" and {uj}-^" such that fj{x) = yj{x) + \/—lyn+j{x) and gj{x) = Uj{x) + 
\/—lUn+jix). Then we differentiate (93) with respect to variables xj and as in ([St], Appendix 
1) obtain the following system of differential equations 



I+^{x + u{x)) 



du 
dx 



(x) 



or 



du , 
dx 



X = - 



/ + ^ (x + u{x)) 



_dy_ 
dx 

dx 



{x). 



Successively differentiating (96) we obtain (92). 



(96) 
□ 



Using proposition 4.6 we can assume now the existence of finite covers {V' C U''}^ of some 
neighborhood of Mq in G and of C^-diffeomorphisms : Mq M and Q = : M Mq 
such that J^{z) = z + f'{z) in = W n Mq with f G [CP([/^)]" and g{z) = z + g'{z) in 
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= V n M with G [CP {V')f. 

In what follows we will use special coordinates in {Z^^}. Namely, for a fixed neighborhood U 
we choose coordinates {Zj = Xj + iY,}™ and {Wj = Uj + iVj}'^~"^ so that 



=Xi- (t>f (Fi, . . . ,y^, W^i, . . . , for / = 1, . . . ,m, 

JO) 



(97) 



are defining functions for Mq and M respectively. 

For 5 small enough according to implicit function theorem manifold M with l^flp < 5 can be 
defined as 

m = {z&U:Xi-ct>i{Yi,...,Yra,Wu...,Wn-m) = Q for / = l,...,m}. 



in terms of \g\p for \g\p 



In the lemma below we prove necessary estimates for sup^ 0; — (t)^^'' 
small enough. 

Lemma 4.7. (cf. [W2]j Let functions p'l'^ and pi be defined inU by formulas (97). Then there 
exists (5 > such that for g with \g\p < 5 and k < p — 1 the following estimate holds: 

P{k) 



< C{k) 1 + 



fc+1 



Proof. We consider for z G M the following equality 



{Yi,...,Y^,Wi,...,Wn-r 



{Yi,...,Ym,Wi,...,Wn- 



(98) 
(99) 



= Kegi{z) + (t^f (Yi, . . . , F^, W^i, . . . , Wn-r 



(Yi + lmgi{z), ...,Ym + lmgm{z), Wi + gm+i{z), Wn-m + 9n{z)) 
which is a corollary of equalities 

Xi - (Fi, ...,Y^,Wi,.. .,Wn-m) = 

and 



Xi + Regi (z) - cfyf^ {Y^ + Im^i {z),..., F„ + Im5^(z), + 5m+l(^)5 • • • 5 Wn-m + Sn{z)) — 0. 
Prom equality (99) we obtain the estimate 



ct>i-<j>f'\<c{\g\o + \p'-\\g\o). 



(100) 



To estimate the derivatives we differentiate with respect to Y, W equalities 

= (MY, W) + Regi {^{Y, W),Y,W),..., (l>m{Y, W) + Re^^ (0(y, W),Y, W) , 



Yi + Im^i (<^(y, W),Y,W),...,Ym + Imgm {4>{Y, W), Y, W) , 
Wi + gm+i iHY, W),Y,W),..., Wn-m + 9n {4>{Y, W), Y, W)) = 
for Z = 1, . . . , m. Then, using condition 



dX 



we obtain equality in a matrix form 



_d{Y,W)_ 



+ 



-dReg'- 
~dX~ 



_d{Y,W)_ 



+ 



■ dReg' ' 
d{Y,W)_ 
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+ 



d {Y, W) 



X / + 



d{hng',g") 

d (y, W) 



+ 



d{hng',g") 



dX 



dcj) 



d (y, w) 



0, 



where g' = [gi, . . . , gm) and g" = [gm+i, ■ ■ ■ ,gn)- We transform this equahty into 



dReg' 



dx 



+ 



" dReg' ' 




d{Y,W)_ 





d {¥, W) 



d {Y, W) 



(2 + 5(2)) 

(2 + 5(2)) 



d{lmg',g" 



dx 



X 1 + 



d<j) 



d {Y, W) 



dilmg',g") 

d (y, W) 



and then into 



d{Y,W), 



dReg' 



dX 



+ 



9 (y, w^) 



(2 + 5(2)) 





'd{lmg' ,g")' 


X 


[ dX \ 



(- 


" dReg' ' 






d{Y,W). 





Using equahty 
d 



P^°Hz + g{z)) 



_dp^ 

d (y, w) 

d 



(2 + 5(2)) 



X / + 



dilmg',g" 



d{Y,W)'^ ' " d{Y,W) 

we can rewrite the previous equahty for l^lfc+i smah enough as 

dpio) 



d (y, w) 

p(0)(^) + ^'(VpW {z + tg{z)),giz))dt 



[diY,W)r^'^^^ 
with matrices A, B satisfying estimates 

|^|,,|S|,<C(^)(l + 
For g = (101) becomes 

d (y, VF) 

and therefore we can rewrite (101) as 



d (y, W") 



(2) 



+ 5 



.(0) 



fc+2 



X P(fc) 

j l5|fe+i- 



5 (y, w) 



(2) 









a (y, w) 




.a(y,w^). 



(101) 



(102) 



(103) 



E, 



with a matrix E satisfying estimate (102). Using this representation and estimates (102) we 
obtain 



sup 
I 



/,(o) 



n - (Pi 



r 90(0) 




■ 30 1 


[9(y,T^) 




d{Y,W)\ 



k-l 



< C{k) (^1 + 



k+1 



P{k) 



□ 



We assume from now on that the neighborhoods W and functions (pf'^ are chosen so that 
conditions (97) are satisfied. We assume also that for smah enough 5 > and a manifold M 
with \g\p < S condition (17) is satisfied on W' for some fixed c > 0. 

As before our local extension operators {E''} for functions are defined by the formula 

E'{h){z) =h{Y,,...,Ym,Wi,..., Wn-m) , 
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and for a differential form 

h= hij^KdYi AdWj AcIWk 

I,.J,K 

by extending coefficients as in the formula above. 

A global extension operator for any M close to Mq we define by the formula 

EM(/i) =E^' (^^^)' 

i. 

where /i is a differential form on M, {"i^t} is a partition of unity subordinate to the cover 
{V^} C {U''} and {E^} are local extension operators. 

Our next goal is to estimate the operator 

(Emo o o Em - H^) , 

where Em and Emq are extension operators from M and Mq respectively, r < q, and manifold 
M is close enough to Mq. In the lemma below we prove a special representation for operator 

Hr 
M- 

Lemma 4.8. For any e > there exist S,a > such that for M with \S\p < S the following 
representation holds 

Hm = N*" o Em + Lm) 

where Em is the extension operator, 

is a finite- dimensional operator, 
and admits an estimate 

\Ll^\,<C{k)e{l + \p\k+4f^'^^ (104) 

for k < p — A. 

Proof. Using Lemma 3.9 in formula (23) we obtain 

H]v[(/i)(^) = E ^ Kimi^) + ^[{z)K+i{dM^c A h){z)] 

L 

and conclude that the statement of the lemma would follow from a finite-dimensional approxi- 
mation of operators Rr with a remainder admitting estimate (104). We fix a neighborhood U 
from the cover {W^}]^ and consider an approximation of the local solution operator Rr by the 
operators 



/ 



Prom estimate (98) we obtain 

\pi - pf V < C{k) (l + 1^;°) U+i) \g\k (105) 

for Z = 1, . . . ,m. Therefore, for any a > there exists 5{a) > such that for l^rlp < d{a) the 
following inclusions hold 

U{a/2) cUo{a) cU{2a). 
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Then 

f(l - t)7p^ + A -(C) e 



_,)^(W,(a/2)xi7o,c(a)x[0,l]) 



for such g and therefore for any e > we can find differential forms 

e Clo,r-i) i^z{a/2)) , TV,, e Cf„_„_^_^ (i7o,c(a) x [0, 1]) , 

such that 



C-z\ 



+ t 



< e. 



Cp(W4q/2)xC/o,c(")x[0,1]) 



Therefore, for any a > there exists a finite-dimensional operator 



^ JUo{a)x[0,l] 



,t), 



such that for 



any u G C'fcr-i) (^o(a)) with \u\^ 



< 1 we have 



4°)(a)(tx)-iV''(ti) 



< Ce. 



(106) 



To estimate the C*^ norm of the operator R^^^ (a) — Rr we use representation (27) and Lem- 
mas 3.2 and 3.4 and reduce the problem to the C°-estimate of integrals 



C/o(a)x[0,l] 



E{h){c,)cM{c,z,t)ici,.d(:,z)dt 



C/(/3)x[0,l] 



i?(M(C)cM(C,^,0^M,a,6(C,^)cii (107) 



with \\c{C,z,t)\\i < C{k) (1 + |p|fe+4)^^^^ and /? < a/2. 

As in the proof of Proposition 2.1 we use Lemma 3.7 to conclude that it suffices to consider 
only integrals with kernels /C£j^^ satisfying (51), since otherwise estimate (57) holds, and 
therefore for a small enough the estimate (104) will also hold. 

To estimate (107) we consider a function (j)[z, (") G C^iJAz x Z^^), such that in coordinates 



^^=X, + ^Y, (j = l,..., 



m],z 



Wj-m (j = m + I, . . . 



n] 



we have 
and 



= + (j = 1, • • • , m),C,j = i^j-m (j = m + 1,. . . ,n), 

—mi ^1) • • • ) Vmi • • • ) ^n—Ti 

</)(z,C) = l for CeW{z,a,^), 



(f){z, = for C ^ W(-z, Ca, VCa) with some C > 1. 
Then we represent for /3 < a/2 

E{hmcM{C,z,t)K:li.JC,z)dt 



[/(/?) X [0,1] 



(108) 



+ 



-i 
j 

Ju 



E{h){Q<f>{z, C)CM (C, Z, i)/C£i,„,;,(C, z)dt 



[/(/3)x[0,l] 

E{hm (1 - </)(z, 0) Cm(C, ^, i)^M,a,6(C, ^)rft- 



/C/{/3)x[0,l] 

For the first term of the right hand side of (108) we obtain as in (54) 



[/(/3)x[0,l] 



E{h){0^{z, C)cm(C, z, 0/C^,„,6(C, z)dt 



</ 
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\h{C,z,t)\\cM{C,z,t)\\JC^^,^,{C,z)\dt 



IU(l3)nW(z,Ca,VC(x)x[0,l] 

< C||cM||o|/i|oa'('^) -Xi {k{lC),h{lC)} (a, v^) < C{k)a^/^ (l + |p(o)|fe+4)^^^^ \h\o. 

For the second term of the right hand side of (108) using the fact that by construction form 
E{h) and function (j){z,() do not depend on variables ^i,...,^m Stud that form E{h)lC'^ 
contains differentials diji, . . . , drjm, dcoi, . . . , dun-rm dtoi, . . . , dwn-m we apply Stokes' formula 
and obtain 



!7o(a)x[0,l] 



E{h){0 (1 - ^{z, 0) cm(C, z, t)K.i,..{(:, z)dt 



(109) 



- / E{h){Q (1 - 0(z, 0) cm(C, z, t)ICi^,a,b{C, z)dt 



/ 



)\W(/3)]x[0,l] 



E{h){C) (1 - ct>{z, 0) d cm(C, ^, *)/c£i,„,b(C, z)dt 



E{hm (1 - <^(z, 0) d [cm(C, ^, i)] A /C^,a,6(C, ^)fii 

'[Wo(c.)\W(/3)]x[0,l] 

i?(/i)(C) (1 - <t){z, 0) cm(C, z, t)d [/C^,,,,(C, ^) 

For the first term of the right hand side of (109) using estimates for cm and integrating in 
coordinates 



+ 



dt. 



P = 
we have 



\ 12 Pj^ ^j = — (j = 1> • • • > H> ^T^Fj, {j = 1,... ,m), uji {l = l,...,n-m), 
\ 1 P 

[ Eih)iO (1 - cPiz, 0) d [cm(C, z, t)] A /C^,„,,(C, ^)cii 

<L , \Eihm\ dp[cMiC,z,t)]AlCl^^,^,{C,z) 

J (W(2a)\[W(/3)UW(z,a,V^)] ) X [0,1] 

/ \ P(k) /"^"^ 

< C(A;) • (l + |/9(°)U+4) • \h\o [l2 {k{JC), b - Z(/C)} {a, v^] dp 
<C{k)a'/'-[l + \p^'^\k+Af^'^-\h\o, 



dt 



where 



and in the last inequality we used Lemma 3.5 for kernel K.'^ ^ ^, satisfying conditions (51). 
Again using estimates for cm we obtain for the second term of the right hand side of (109) 



[Uo{a)\UiP)]xlO,l] 



E{h){0 (1 - ^{Z, 0) Cm(C, Z, t)d /C^,„,;,(C, Z) 



dt 



< 



{Ui2a)\[U{P)UW{z,a,^)])x[0,l] 



imiOl CM{C,Z,t)d /C£i,„,,(C,^) 



dt 



<C(fe)-(l + |p(0)U+4)''^'^-|% 

/■2a 

[I2 {A;(/C) + 1,6- /(/C)} (a, ^/^) + 12 {/c(/C), 6 - Z(/C) + 1} {a, ^/^] / dp 

Jo 

<C(A;)-(l + |pW|fc+4)''^'^ai/'-|/i|o, 
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where the indices in integrals Xi are the indices that appear after differentiation of the kernel 

^Ma6' namely, cither A;(/C) or h increase by one. 
In the last inequality we used inequalities 

A;(/C) + 1 + 6 - /(/C) < 2n-m, 

kip] + 1 + 2 (6 - Kp,) <2n-m + 2, 

k{iq + 2 (6 - Z(/C) + 1) < 2n - m + 2, 

which follow from inequalities (51) for A^Ma6(C)-2^) Lemma 3.5. 

Combining the estimates above wc obtain that for any fixed a > there exists 6{a) > such 
that for any submanifold M with \S\p < 6{a) we have 

R('\a) -Rrl< C{k) . (l + \p^%^,Y'^'^ a^l\ 

and combining this estimate with estimate (106) we obtain the statement of the Lemma. CH 

Using Lemmas 4.7 and 4.8 we obtain the following 

Proposition 4.9. Let pf^\pi and g satisfy conditions (97). Then for any e > there exists 
(5 > such that for an arbitrary compact, regular q-pseudoconcave CR submanifold M with 
\S\p < S and k < p — 4 the following estimate holds 

p(fc) 



|Emo o Hmo o Em - Hjvilfe < C{k)e (l + |p(°)|fc+4 



(110) 



Proof. Using Lemma 4.8 we obtain equality 

Em„ o Hm„ o EM(/i) - nmih) (111) 
= Emo o (N'' o Em„ + LJ^J o Em(/i) - N'' o Em(/i) - Lj^(/i) 
= (Emo o N'^ o Emo o Em - N'' o Em) (h) + (Em„ o L^^, o Em - Lm) (h) 
= (Emo - I) o N'' o Emo o EM(/i) + N^' o (Emo - I) o ^mih) 
+ (Emo o Lmo o Em - Lm) (h). 
For the first term of the right hand side of (111) we reduce the estimate to the estimate of 
the operator Emq — I and then further reduce it to the estimate of — / for a local extension 
operator E^^^ on C^J, {U\B). 



For any / G C'^qo) (^^'^) using Lemma 4.7 we obtain 



<C(fc)|5'|fc(l + |p(°)U+i)''^'Vu+i- 

Applying this estimate to 

f{z) = N^iE{h))iz) =j^h^{z) f E{hmNj{C,t) 



(112) 



and using estimate 



we obtain the estimate 



\N\E{h))\,<Cik)\h\o 



(113) 



^Mo(/)Im - /ImL ^ CikMlk (l + \p^%+iY^'^ \h\o 
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For the second term of the right hand side of (111) we apply estimates (112) and (113) in 
opposite order and obtain for u = 'E^{h) 

\N^{E\u)-u\<C{k)\E\u)-u\, 

<C{k)W\o{\ + \p^%Y \h\i. 

Necessary estimate for the third term of the right hand side of (111) follows from estimate 
(104) in Lemma 4.8. □ 

Proof of Theorem 1. We consider a compact, regular q-pseudoconcave CR submanifold 
Mo such that dimi?'' ^Mq, -^Imq) = for some fixed r < q. We assume that a compact, regular 
q-pseudoconcave CR submanifold M is close to Mq with \S\p small enough so that functions 
pf*^ , pi and g satisfy (97) . 

Abusing notation we will denote also by {gj}i G C^q^_^^ {G,B) and {fjYi € ^{Or) (^''^) 
extensions of the corresponding forms from Proposition 4.1. 

We define for h G Cf,^^^ (m,B\^), v G C^,^^^,^ (m,^| J 

/ I _ s _ \ ^ 

Pm(^) = Rm - E a (^oEM(/i)) /i - (EM(/i)) Emo {dM,gi) + (EM(/i))5M 

\ i=l i=l / i=l 

^m\^) = R-m' - E/5« (Em(^;)) 5m/^) + E a (Em(^;)) /^, 

\ 1=1 / i=l 

and consider the following equality 

Emo [^oPmo (EM(/i)) + ^'Al (^oEm(M)I - d^^'mih) - ^'^\dMh) (114) 



Emo 



/ I s 

R-Mo Em(/i) - E^i (^oEm(^)) /i - E"^ (EM(/i)) dmo9i 
\ i=i 1=1 



+ E«i (EM(/j))5i 

i=l 

(I s \ ^ 

h-^Pi (^oEm(/i)) /i - E «i (Em(/i)) Emo (dwiogi) + E (EM(/i)) gi 

i=l i=l ) i=\ 



-R]vi' YhAh-Y^iii (EM(aM/l)) ^/i - E/'i (EM(aM/i)) /i 
^ {Emo [SmoRmo (EM(/i)) + R^„' (^oEM(/i))] - ^RM(/i) - Rm' (^^)} 

+ I^RLi fE/^i (^oEm(M) /i") +R]il' (eA (^oEm(^)) 



Emo 



=1 / \ \i=l 

I \ / / I 



^oRmo (^E a (^oEm(^)) /ij +RU"o [dm. l^E A (^oEm(^)) 

+R^'^ (E A (EM(^/i)) /i - E A (^oEM(/i)) /i") 



i=l 
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+ \ &m'Rm Y1 (EM(/i)) Emo (dMogi) + ^m^Qm Y1 (EM(/i)) Emq {dMo9i) 



- Emo 



^o'^Mo X)"i(EM(/i))^o5i +R-Mo^^o {'Emih)) dMo9i 



(EM(/i)) (Emo {dMo9i) - dM9i, 



i=l 



+ J2f^i (^oEM(/i) - Em (^/i)) fi 



i=l 



+ ^ Qj (Em(/i)) (Emo {dMo9i) - dM9i, 



1=1 



{Emo [(I - Hmo) (Em(/i))] - (I - Hm) (h)} 



- { Emo 



(I-Hmo) E/5^(^oEMW)/i 



-(I-Hm) 1^A(^oEm(M)/. 



- S Emo 



(I - Hmo) ( X] (Em(/i)) ^ofi 



- (I - Hm) ( Yl (Em(M) Emo {9Mo9i 



u=l 



+R'm' E/^^ (Em(^M - ^oEm(M) 

\i=l 
I 

+ E A (4ioEmW - Em (dMh)) fi 



(Em(/i)) (Emo {9Mo9i) - 9M9i) 



.1=1 



+ E"» (Em(M) (Emo (^o5i) - ^9i) ■ 



i=l 



For the first term of the right hand side of equahty above using equaUty 

EmoEm(^) = h, (115) 

and applying estimate (110) from Proposition 4.9 we obtain that for any e > there exists 
S > such that for M with \S\h < S the following estimate holds 

|{Emo [(I - Hmo) (Em(/i))] - (I - Hm) (/i)}U < Cik)e (l + Ip^'^^k+^Y^''^ \h\k. 

For the second term of the right hand side of (114) using equality 

Emo/i = Em/i = fi, (116) 

estimate (110) and boundedness of functionals {Pi}[ on C^q^^^^ ^Mo,;S|j^^^, we obtain that 
for any e > there exists S > such that for M with \S\k < S the following estimate holds 



Emo 



(I-Hmo) E/34^oEm(/i))/^ 



Ki=l 



- (I - Hm) E (^oEm(/i)) fi 



\i=i 



<C(A;)e(l + |p(0)|fe+4)''^'Vl2. 
For the third term of the right hand side of (114) using equality 

EmEmo {&Mo9i) = dmo9i, 



(117) 
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estimate (110) and boundedness of functionals {ai}\ on C^q^^ (■'^O' '^Imq) ' obtain that for 
any e > there exists 5 > such that for M with \£\j^ < d the following estimate holds 



- (I - Hm) ( (Em(^)) Emo (^o^i) 

P(k) 



\i=l 



Emo (I - Hmo) ( XI (EM(/i)) (hAo9^ 
I \i=l 

<C{k)e[l + \p^'^\k+Ay""\h\,. 
For the next two terms we use the definition of as 

^ = fm o 9 o Em 
where tm is the operator of restriction onto M. Then we obtain that 

Em (dMh) = Em o tm o 5 o BM{h) 

and 

^oEm(/i) = tmo °do Em(/i)- 

Using local representation 

f = doBM{h)= fi,J,K{^^Y,W)dX' AdV^ AdW 

I,J,K,L 

we obtain locally 

Em o TM o 9 o EM(/i) =EijKL fl,J,K{HY, W),Y, W)Y A dY^ A dW"" , 

_ (118) 

rMoodo BM{h) = Ei,j,K,L fi,J,K{^^''\Y, W),Y, W)[d<P^'^ {Y, W)Y A dY^ A dw"" , 

where {<i>j}^ and are defining functions of M and Mq respectively. 

Using then estimate (98) from Lemma 4.7 for expressions in (118) we obtain the estimate 

IdMo^mih) — Em (dwih) 

< C\h\s\cf> - (/.(o) |2 < C\g\2 (l + Ip^'^^aY {hU- 
Using the last estimate and the estimate 

sup|^/i|fc < C 

i=l 

for A; < p — 5 we obtain the existence for A; < p — 5 and any e>0ofa5>0 such that for M 
with \£\k < 6 the following estimate holds 

Rm' C^midMh) - dMo^Mih)) BmI^ + A (^oEm(M - Em (dMh)) fi 

\i=l ) i=\ 

<Ce (l + |p(°)|3)''|/i|3. 

To estimate the last two terms of the right hand side of (114) we again use the definition of 
^m and representations 

drnQi = rM o % 

= E fi,jMmw),Y,w)[d4>{Y,w)]' AdY-' Adw"" ecl-^^^{mo,B\^^), 

I,J,K,L 

and 

Em {dMo9i) = Em o tmo o % = E (X, W),Y, T^)[#(°) {Y, W)Y A dY'' A dw"" . 

I,J,K,L 
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Using then estimate (98) from Lemma 4.7 and estimates 

sup \gi\k <C{k) ioT k <p — 4, 

\^\k < C{k) {l + |yo(°'|jk+i) for \g\k small enough, 
we obtain for A; < p — 6 the estimate 

|Em {&M.o9i) - dmgi\k - C(^)l5i|fe+2 (i + \p^^\k+2) \g\k+i- 

Using the last estimate we obtain the existence for k < p — 7 and for any e>0ofa(5>0 
such that for M with |£^|fc+2 < <^ the following estimate holds 



•pr+l 



i9m 



^ ai (Em(/i)) (E {dMo9i) - ^MQi 



ai (Em(/i)) (E {dMo9i) - &M.gi 



i=l 



<C(A;)e(l + |p(0)|fc+3) ' Vli. 



Let now Bmq be the inverse to Fmq = ^MoPm "t" Pm^^^o' which exists according to 
Proposition 4.1 and let B = supk=i,...,p-7 |BmoIa;- Combining all the estimates above we obtain 
that there exists S > such that for M with \6\p < S the following estimate holds for any 



M,B\J, {k<p-7): 



Emo [^oPmo (Em(M) + (^oEm(M)] - dMPl/iih) - P'j;^\dMh) 
Applying then operator Cm = Emq ° Bmq ° Em to the form 



Emo 9MoPMo(EM(/i))+P]vio (c>MoEM(/i)) " ^Pm W " Pm (c>M/i) 



and using equalities 



we obtain the following estimate 



Em o Em„ — I, 
Bmo o Fmo = I, 



|I- CmFmU < ^• 



(119) 



Prom the estimate above we obtain the existence of an inverse operator Dm such that 

Dm o Fm = I, 



IDmIa: < 3 IBMolfc 



Therefore for any h G ^[Qr) (■'^''^Im) have 

h = Dm^PRi(5) + DmP^'(^5) 

= aMP3viDL^PM(ff) + ^MP'^HdMg) 

= dMQ'Mig) + Q'^\dMg), 
with = PJ^D^^OmPLi and Q^^ = DmP^^ 



□ 
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